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Abstract 
The concept of lifting is well known from Schur’s theory of projective representations of finite 
groups (Schur, 1904). In cohomological terms it means that for a given finite group G there is 
a central group extension E of G, a so-called lifting group of G, such that every 2-dimensional 
central cocycle class on G belongs to the kernel of the inflation map from G to E. The purpose of 
this paper is to extend this concept to higher-dimensional cocycles and to prove some results 
about the corresponding lifting groups. 
1. Introduction 
Let 3 be a profinite group, let M be a discrete continuous %-module and let 4 2 2 
be an integer. Assume that IP(9, M) = 0. Then for a given finite quotient group 
G = 3/& of 3 there is a finite group extension G” of G such that the corresponding 
embedding problem for 9 is solvable, i.e. G” is a quotient group of $9, say c = g/9, 
and the epimorphism 9 + G” composed with the natural projection 6 -+ G is the 
given epimorphism 9 + G, and such that the inflation homomorphism 
inf: Hq(G, IV@) + Hq(~‘, M”) is trivial. This motivates the following definition. 
1.1. Definition. Assume that Hq(%, M) = 0. Let G = S/g be a finite quotient group of 
99 and let d I Hq(G, MB) be a subgroup. Let c be a finite group extension of G such 
that the corresponding embedding problem for 9 is solvable and assume c = Y/9. 
Then c is called a lifting group for d or is said to lift & if & is contained in the kernel 
of the inflation homomorphism inf: Hq(G, Mb) -P Hq(C?, M”). 
The purpose of this note is to obtain some results about lifting groups for a profinite 
group Y such that the cohomological dimension of 9 is less than or equal to 1 or the 
strict cohomological dimension of 93 is less than or equal to 2. As will be pointed out, 
the case of cohomological dimension I 1 yields a generalization of Schur’s concept of 
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a representation group and the case of strict cohomological dimension I 2 has some 
applications in algebraic number theory. 
2. Lifting groups 
Recall that a profinite group $9 is said to have cohomological dimension I d 
(cd(%) I d) resp. strict cohomological dimension 5 d (scd(9) I d) where d is some 
positive integer if H4(Y, M) = 0 for every q > d and every torsion %-module M resp. 
for every q > d and every ‘S-module M; it is known that cd(g) I scd(9) I cd@) + 1, 
see [12, p. 53, Proposition 131. 
At first we state the main results of this paper. 
2.1. Theorem. Let 9 be a profinite group such that cd(g) I 1. Let G = S/$ be ajinite 
quotient group of 9. Then there is a group extension 
(*) l-+A+W(G)+G+l 
with a profinite abelian kernel A such that W(G) is a quotient group of Y and such that 
W(G) lifts Hq(G, M) for every G-torsion module M and for every integer q 2 2. If 
~3~ I ~3 is an open subgroup such that !+j I ~9~ and if U = C!J,,/$ is the corresponding 
subgroup of G then the restriction to U of the cocycle class (u) E H’(G, A) corresponding 
to (*) defines a group extension 
(*)” l-,A+W(U)+U+i 
such that W(U) lifts H’t(U, M) for every U-torsion module M and for every integer 
q 2 2. 
If M is the trivial G-module Q/Z and if q 2 2 is an integer then there is a group 
extension 
(**) l+A,(G)+ W,(G)+G+l 
with a finite abelian kernel A,(G) and an epimorphism 
W(G) + W,(G) 
such that W,(G) lifts Hq(G, Q/Z) and such that 
(***) IA,(G)1 I (H4(G, Q/Z)I’G”-2. 
2.2. Theorem. Let 3 be a profinite group such that scd(Y) I 2. Let G be a finite 
quotient group of 3. Then there is a group extension 
(#) l+A+W(G)+G+l 
with a projinite abelian kernel A such that W(G) lifts Hq(G, Q/Z)for every integer q 2 2 
where Q/Z is regarded as a trivial G-module. If go 5 9 is an open subgroup such that 
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$3 I Y0 and if U = go/$ is the corresponding subgroup of G then the restriction to U of 
the cocycle class (U)E H2(G, A) corresponding to (#) defines a group extension 
(#)” l+A+W(U)+U+l 
such that W(U) lifts Hq( U, Q/Z) for every integer q 2 2. If q 2 2 is an integer then there 
is a group extension 
(# #I 1 + A,(G) + W,(G) + G + 1 
with a$nite abelian kernel A,(G) and an epimorphism 
W(G) -+ W,(G) 
such that W,(G) lifts Hq(G, Q/Z). 
2.3. Theorem. Let CC? be a profinite group such that scd(9) < 2. Let G be a finite 
quotient group of 59 and let q be an integer 2 2. The elements (f)e Hq(G, Q/E) are 
invariants of certain sets of irreducible representations I,(G, (f )) of every lifting group of 
(f ). The representations in I,(G, (f )) are ltftings of the irreducible projective representa- 
tions of G with cocycle class (f ). 
2.4. Remarks. (a) If 9 is a free profinite group then cd(g) I 1, see e.g. [12], p. 72, 
Corollaries 2 and 33. 
If 9 is the absolute Galois group of a function field of transcedence degree 1 over an 
algebraically closed field then cd(g) 5 1; this follows essentially from Tsen’s theorem, 
see e.g. [ 12, IV, Section 3, corollary to Tsen’s theorem and IV, Section 2, Corollary 33. 
If Y is the absolute Galois group of a number field k then H2q(%, Q/Z) = 0, q 2 1 
and if k is totally imaginary then scd(9) I 2, see e.g. [4, Section 2.4, p. 28, corollary to 
Proposition 131. 
(b) Let k be a number field with absolute Galois group 9 = G(k/k) and let 
G = G(K/k) be a finite quotient group of Y corresponding to a finite Galois extension 
K/k, K c k. Denote by X = *(K/k) the kernel of the localization homomorphism 
H’(G, Q/z) + u H2 (G,, O/Z), 
where the sum is taken over all places v and k where G,- is the decomposition of some 
extension V of v to K. Since H’(S, Q/Z) = 0 there is a lifting group G” = G(L/k) of z@, 
corresponding to a finite Galois extension L/k, K c L c k. Moreover, L has the 
following property, see e.g. [7]: Every element in k* which is a norm locally every- 
where in L/k is a global norm in K/k. This can be regarded as a generalization of the 
Hasse norm theorem. 
(c) The estimate (***) in Theorem 2.1 gives 
I&(G)1 I IH’(G, Q/z)I, 
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i.e. W,(G) is a representation group in the sense of Schur, see [lo] or [6, V, Section 
231. Every finite group G is the quotient group of a profinite group $9 such that 
cd(%) I 1; for instance, take the profinite completion Y of a free presentation of G. So 
Theorem 2.1 yields a generalization of Schur’s concept of a representation group. 
(This was observed earlier by employing method of Galois theory. The author was 
informed by Professor K.W. Roggenkamp that this observation can also be obtained 
by purely group theoretical methods which are contained in [3].) 
(d) In the proof of Theorems 2.1 and 2.2 we will use the following facts. Assume that 
scd(9) 5 2. Then 9 is malleable in the sense of [2]. Therefore, according to [l 1, p. 156, 
Theorem 51, the family of all A(J) = J/J’, J I 9 any open subgroup, J’ a closed 
commutator subgroup, together with the transfer maps 
constitutes a class formation in the sense of [l, Ch. 14, Section 31. For any finite 
quotient group G = S/b of 9 let W(G) be the corresponding Weil group, see [l, Ch. 
15, p. 2361, i.e. IV(G) is the group extension 
Denote by (u)EH~(G, e/s’) the corresponding cocycle class. It is known that if 
Y0 I $9 is any open subgroup that sj I g0 and if U = Y&j is the corresponding 
subgroup of G then the restriction of(u) to U defines the Weil group W(U) of U, see 
[l, Ch. 15-J. 
(e) Let 59 be a profinite group such that 2 < scd(Y) < co. Let 4 be an integer > 2. It 
is not known to author whether for every finite quotient group G of 9 there is a finite 
group extension c of G which is a quotient group of 9 and which has an abelian 
kernel such that 6 lifts H4(G, Q/Z). 
Proof of Theorems 2.1 and 2.2. Let G be a finite quotient group of 9, say G = 9/$. Let 
M be a G-module - regarded as a Y-module via the canonical epimorphism B + G. 
Assume 
(A): M is a G-torsion module if cd(g) I 1; M is the trivial G-module Q/Z if 
cd(9) > 1 and scd(9) I 2. 
Then for every integer q 2 2 there is a homomorphism 
zq :Hqe2(G, Hom($, M)) + Hq(G, M), (I) 
which is surjective for q = 2 and bijective for q 2 3. Explicitly zq is given as follows: 
z,((A)) = - (+(A) (cup product), 
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this is the profinite version of [5, Theorem 4, Section 61. Moreover, for any open 
subgroup Jg 9 with J I !& E = 3/J, we have a commutative diagram 
Hq-‘(E, Hom(J, M)) _Y, Hq(E, M) 
f + 
“,I id 
Hq-‘(G, Hom(jj, M))> Hq(G, M) 
(2) 
the map vq is given by 
Vq(WY1, ..-,Y,-2) = xvl,.~~~Yq-2)~J (3) 
for all (4 - 2)-cocycles 2: Gtq- 2, + Hom(9, M) and all (yl, . . . , y,_ 2) E ECq- 2), ji denot- 
ing the image of yi in G; especially v2 is induced by the restriction map 
Hom(!$ M) -+ Hom(J, M). 
Let W(G) = 9/!$ be the Weil group mentioned as in Remark 2.4 (d). Then it follows 
immediately that for some finite quotient group E = W,(G) of W(G) the homomor- 
phism 
vq: Hqm2(G, Horn@, M)) + Hq-‘(E, Hom(J, M)) 
defined in (3) is trivial. Therefore, the commutative diagram (2) shows that the 
inflation map 
inf: Hq(G, M) + Hq(E, M) 
is trivial. Hence W(G) is a lifting group for Hq(G, M) for every G-module M satisfying 
our assumption (A) and for every integer q 2 2. It follows from Remark 2.4(d) that for 
every subgroup U of G of the form U = $O/$ the group W(U) is a lifting group of 
Hq(U, M) for every G-module M satisfying (A) and for every integer q 2 2. 
In order to proceed further we prove the following lemma. 
2.5. Lemma. Assume that cd(%) 5 1. Let G = C4’/5 be afinite quotient group of Y, let 
B be afinite G-module and let q 2 2 be an integer. Then for every element (f) E Hq(G, B) 
there is ajnite group extension G of G which is a quotient group of Y such that 6 lifts(f) 
and such that the kernel A of the epimorphism 6 -+ G is abelian and satisjies 
IAl I IBl’G’4-2. 
Proof of Lemma 2.5. Let (2)~ HgP2(G, Horn($), B)) be a preimage of (f) under the 
epimorphism zq which is explained in (1). For q = 2 let J be the intersection of all 
Ker(R(x, ,..., xq_2)),(x1 ,..., x,_~)~G(~-~). 
The cocycle relation implies that an element in sj which belongs to all 
Ker(A(x,, . . . , x~_~)) also belongs to all Ker(P(xi, . . . ,x_~)), (x1, . . . ,x~-~)EG(*-‘), 
p E G. Therefore J is a normal subgroup of 9. Using the commutative diagram (2) with 
E = G = ‘S/J, A = !$/J, we see that (2) belongs to the kernel of vq and therefore (f) 
268 H. Opolka / Journal of Pure and Applied Algebra 107 (1996) 263-270 
belongs to the kernel of the inflation homomorphism inf: Hq(G, B) + Hq(G, B). More- 
over, from the construction we see that 
IAl = (B: Ker(l)) I IBJ for q = 2, 
IAI=(~J~: n Ker(l(x 1, . . . ,x,_~))) I IBIIGIq-’ for q 2 3. 
(Xl, 2% 2 - )EG(q-2’ 
This completes the proof of lemma 2.5. 0 
Proof of Theorems 2.1 and 2.2 (continued). Take (f) E H4(G, Q/E) and assume that (f) 
has order m. Denote by C, the cyclic group (l/m) Z/Z. Since Q/Z is divisible, (f) is 
contained in the image of the homomorphism 
ic, : Hq(G, C,) + Hq(G, Q/Z), 
which is induced by the natural embedding C, -Q/Z (cohomology with coefficients 
in C, is of course taken with respect o the trivial group action). Write (f) = K,,,((g)) 
with (g) E Hq(G, C,). According to Lemma 2.5 there is a lifting group G of(g) such that 
in order of the kernel A of G” + G satisfies I Al I IBllG1’-’ = mlGlq-‘. It follows that(f) is 
contained in the kernel of the inflation homomorphism inf: EP(G, Q/Z) + Hq(c, Q/Z). 
Now take a basis !?J of the finite abelian group Hq(G, Q/S) and for every (f)~g 
construct a group extension G(f) = G” of G as above. Let A(f) = $/K(f) denote the 
kernel of this group extension. Define K < h to be the intersection of all K(f), (f) ~g!, 
and put W,(G):= Y/K, A,(G):= !+j/K. Then w,(G) lifts Hq(G, Q/Z) and A,(G) 4 
x(fjEgA(f) satisfies 
IA,(G)1 I IHq(G, Q/H)J’G”-z. 
The proof of Theorems 2.1 and 2.2 is now complete. 17 
Proof of Theorem 2.3. As is well known from Schur’s theory of projective representa- 
tions, the elements of H’(G, Q/Z) occur as cohomological invariants of certain sets of 
projective representations of G or of linear representations of a representation group 
of G, see e.g. [6, V, Section 231. A similar interpretation can be given for the elements 
of Hq(G, Q/Z’) for an arbitrary integer q 2 2. Namely, let (2) EH~-‘(G, Hom(!& Q/Z)) 
be a preimage of (f)eHq(G, O/Z) under rq, see (2.5). For every (x1, ...,x,_~)EG(~-~) 
we get a one-dimensional continuous representation 
I(q, . . . ,xq_2):sj-‘@* 
by composing the homomorphism 
4x I,..., xq_2):~-+QQlh 
with the homomorphism 
Q/M + @*, x + exp(2nix). 
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Inducing x(x 1, . . . , xq_ 2) up to Y gives a representation of R@(xl, . . . , x,_~)) of some 
W,(G). We define Z,((f)) = Z,(G, (f) to be the set of all equivalence classes of 
irreducible components of these representations where (x 1, . . . , xq _ J = I, (G, (f)) runs 
over all elements of G(q-2). For q = 2 we recover the equivalence classes of irreducible 
projective representations of G with cocycle class (f) by reducing the representations 
in Zz((f)) modulo @*. 0 
3. Transfer extensions 
Let G be a finite group. A finite group extension G” of G with abelian kernel A is 
called a transfer extension of G if the kernel of the transfer map 
Ver:c-+A 
is contained in A. For instance, the quaternion group of order 8 is a transfer extension 
of the cyclic group of order 2. 
3.1. Proposition. Let G be ajinite cyclic quotient group of a projinite group 9 such that 
scd(Y) I 2. Then there is a lifting group e for H3(G, Q/H) which is a quotient group of 
9 and a transfer extension of G. 
Proof. Denote by 8 the kernel of the epimorphism Y + G. Consider the following 
commutative diagram of isomorphisms; 
H’(G, 6) T3 + H3(G, Q/z) 
I 
H-‘(G, s)z 
I 
6 = Hom(G, Q/Z) z Hom(G, C*) 
the vertical maps are obtained from the periodicity of cohomology for cyclic groups, 
the upper horizontal map is the map defined in 1 and the lower horizontal map is 
induced by the dual transfer map Ver:!$ --) g which is given by the well-known 
formula 
v~(x) = detOn&)) 
det(Indg(1))’ 
x E 6, 1 = unit character. 
Note that if x has norm 1 then this formula shows that sj is contained in the kernel of 
G(x). Let $ be a representative ofa generator for H- ‘(G, 5) and put G := 9/Ker($), 
A = $3/Ker($). Then ;i:= Ver($) is a generator for g and Ker(G: G” + A) is con- 
tained in A. Moreover, it follows from the construction and the above commutative 
diagram that G” is a lifting group for H3(G, Q/H). 0 
Let k be a number field with absolute Galois group 9 = Gk and assume that 
H3(9, Q/Z) = 0; see Remark 2.4(a). Let G = G(K/k) be a finite cyclic quotient group 
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of 9 corresponding to a finite cyclic Galois extension K/k, K c k. Denote by CK the 
idele class group of K, see [l]. Then we have, see [8, (5.4)], the following result. 
3.2. Proposition. The Artin map yields a bijective correspondence between the set of 
jinite Galois extensions L/k, K c L c ft, such that G(L/k) is a lifting group of 
H3(G, Q/Z) and the set of closed G-invariant subgroups C I CK offinite index such that 
CnCk I NormKik (C,). 
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